Here ord h(t) is the order of h(t) at the place t = 0 , i.e.
the maximal r such that 1'^ divides h(t). Concerning the theory of valuations we refer the reader to [3] and [4] .
The first lemma will be a slight generalization of the above equivalence. For its proof we need some notations and results from [1] .
A subset S of K is called a preordering of level 2m if (i) S + Scs , S-S<=S , K^CS , -1 $ S .
In case m = 1 , we obtain the usual notion of preordering (cf. [ 7 ] ) .
A preordering S of level 2m is called complete if
In what follows, complete preorderings will always be denoted by P .
If m = 1 , completeness of P just means P U -P = K . Thus in this case, P is an ordering in the usual sense. In general, a ^ b iff b -a 6 P defines a partial ordering on K , which for level 2 is linear.
By [ 1 ] , Section 1, for any preordering S of level 2m we have
where P ranges over complete preorderings of level 2m .
From [ 1 ] , Section 2, we further obtain that for every complete preordering P of level 2m , (iv) A = {x € K I -n <-x ^ n for some n € 3N} defines a valuation ring on K such that '1 +M-c: P and P HA is an ordering (of level 2) of the residue field K .
MODEL THEORY OF FIELDS
Here M-denotes the maximal ideal of A-and a the residue of a,
i.e. a = a + M-.
LEMMA 1 Let P be an archimedean ordering of the subfield K of Since 1 +M c p , this implies a € P , a contradiction.
q.e.d.
We will now apply Lemma 1 to the situation where P is an archimedean ordering of K^ and K = K (X. , . . . ,X ) , the field of rational functions in X = (X. ,. . . ,X ) over K . 
f is positive semidefinite over R and 2m lord f(p.,...,p )
for all p^,...,p^ £ R^((t)),
the same as in (2) except that p.,...,p are finite Laurent series.
Proof: (1)=>(2): Clearly, f is positive semidefinite over R
------------------------Q
Next observe that the substitutions x. -> p. define a homomorphism from K [X] to R ( ( t ) ) which can be easily extended to some place from K^(X) to R^((t)). Lifting the valuation ord fromR^t)) through this place, we obtain a valuation v on K = K (X) with residue field contained in R . Thus v is real over P . By Lemma 1 we therefore have 2miv(f). From the construction of v , this implies 2m I ord f (p . , . . . ,p ) .
Since (2) to some refinement w of v' . Then, the value group w(K , ) is an isolated subgroup of the value group w(K) , the quotient being isomorphic to v'(K). Thus w is a valuation of K , trivial on K , with residue field contained in R and still satisfying 2m+w(f).
Applying once more the above mentioned result of [ 6 ] , we finally obtain a valuation w', trivial on K^, such that 2mtw'(f) and (a) value group of w' is 2 , (b) residue field of w' is a subfield of K ,finitely generated over
• Thus, in particular K^, is contained in R .
A We now pass from K to the completion K , of K with respect to the valuation w'. From the above properties of w' we conclude that K^, and hence also K may be identified with some subfield of R^td)) such that ord induces w' on K . Hence X. , . . . ,X are identified with some Laurent series p . , . . . , p e R ( ( t ) ) and thus 2m •I. ord f(p^...,p^).
Finally, we observe that in the topology induced by the valuation 
On Theorem 2
Let us now consider the case n=1 , i.e. K=K (X) , As before we assume that P is an archimedean ordering of K . Let (3R*, 3N* ) be a proper elementary extension of (3R ,3N ) .
Then, as it is well-known 3N* contains elements which are bigger than every n € 3N . Let <i ) be such a non-standard natural number.
Since 4) also holds in (3R* , 3N *) , we conclude that (*) X 2111 + cjX 2 + 1 € I 3R ^X) 2111 .
This will lead us to a contradiction.
Let v* be a valuation on 3R* which corresponds to the valuation ring A = {x € 3R* j -n < x < n for some n € 3N } .
Note that v* has a formally real residue field; in fact, 5^.^ = 3R
Moreover, v* (co) < 0 if we write the valuation additively. Now by -[33,Ch.VI, §10,Proposition 1, v* can be extended to a valuation v of 3R*(X) by setting
